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Necessary conditions for linear stability of a rotating, compressible and inviscid fluid
are found by the generalized progressing wave expansion method. The full three-
dimensional problem involving an arbitrarily given rotational symmetric external
force field is considered for an arbitrary steady shear flow with vanishing axial velocity.
The results obtained are compared with previously known results.

1. Introduction

The stability of rotating fluids has previously been studied in a large number of
papers. The fundamental paper on inviscid flows is that of Lord Rayleigh (1916),
while viscid flows were first studied by G. I. Taylor (1923). These and a number of
later works are discussed in the book by Chandrasekhar (1961). The majority of the
previously known results concerns incompressible fluids; only recently some of the
problems have been studied for compressible fluids (see Lalas 1975; Warren 1975;
Eckhoff & Storesletten 1978, and the references quoted there).

In addition to the small-scale laboratory phenomena such as fluid flows between
two coaxial rotating cylinders, the natural background for the study of rotating
ifuids also include medium-scale geophysical phenomena such as cyclones and large-
scale geophysical and astrophysical phenomena such as the basic rotation behaviour
of planetary and stellar atmospheres. With this background it seems important to
extend the theory to rather general shear flows of compressible fluids subject to a
rather general external force field.

In this work we study the stability of general steady azimuthal shear flows of an
inviscid compressible fluid subject to a general rotational symmetric external force
field. Thus we consider basic states and external force fields which depend both on the
distance r from the axis of rotation and on the distance z along this axis. We obtain
necessary conditions for linear stability of such basic states with vanishing axial
velocity by the same method as we applied to swirling flows in Eckhoff & Storesletten
(1978; hereinafter referred to as I) when the basic states and the potential for the
external forces were assumed to depend on r only. Our method is based on the general-
ized progressing wave expansion method (see Friedlander 1958; Ludwig 1960;
Eckhoff 1975).

Most of the results known on the problem of stability of shear flows in hydro-
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dynamics have been obtained by the normal mode method, which therefore must be
regarded as the conventional approach to this problem. In general this approach leads
to an eigenvalue problem for a partial differential operator with boundary conditions.
In order to be able to study this eigenvalue problem, assunptions have always been
made so far which essentially transfer the problem to an eigenvalue problem for an
ordinary differential operator. Even with such assumptions the eigenvalue problem is
in general very difficult to solve; the stability problems are therefore not completely
resolved even in these cases. Recently an attempt to give a common analytical basis
for the study of these eigenvalue problems was given by Warren (1976, 1978). In the
general case considered in this paper it is not possible to transfer the problem to an
eigenvalue problem for an ordinary differential operator, the normal mode approach
therefore would not get us very far. As will be seen in the following, however, the
generalized progressing wave expansion method gets around these difficulties and
enables us to prove necessary conditions for stability of very general shear flows.

When the external force field has no axial component, we find that all basic states
with axial shear are unstable. Thus a stable basic state is necessarily independent of
z in this case; it is therefore a special case of the swirling flows considered by Warren
(1975) and 1.

When the external force field has an axial component, we find that the picture is
radically changed. In order that the basic state shall be stable in this case, the fluid
must be stratified in a (statically) stable way and the velocity profile must satisfy
a condition which is shown to be a generalization of the classical condition by Lord

Rayleigh (1916).

2. The basic equations
The fundamental equations are

%+V.Vv =—pIVp+VV,
ap
—E)Z+V.Vp+pV.v=0, (2.1)

0
5 PP+ V. V(pp™?) =0,
where v denotes the velocity, p the density, p the pressure, V a given potential for the

external forces acting on the fluid, and y is a constant.
In an inertial frame we let (7, @, z) denote cylindrical co-ordinates where the z axis

coincides with the axis of symmetry in the basic state. In particular, the potential for
the external forces is assumed to be independent of ¢, i.e. V = V(r,z). The basic flow
of the rotating fluid may then be written as

v=muyr,2) b, p=pyr.z), p=pyr,2). (2.2)
Here v, p,, p, are assumed to satisfy the equations
op, OV op, oV
12 120 TP =—p 1280, "
T P oy o O Pt o (2.3)
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In the basic flow (2.2), the rotation as well as the shear are manifested in v,, which
can be chosen arbitrarily. In fact, by eliminating p, in (2.3) we get

(T~lv%+%:f) _a.’lio_ﬂ/ %4.27-—11)0 %po = 0. (2.4)

0z 0z oOr 0z

For given »,, (2.4) is a linear partial differential equation of order 1 for p, which can
be solved by standard methods (see Courant & Hilbert 1962). The general solution of
(2.4) involves an arbitrary function of one variable. This means that the stratification
in the basic flow (2.2) of the fluid may be arbitrarily chosen (in one direction). Finally,
when both vy(r,z) and py(r,z) have been chosen such that (2.4) is satisfied, py(r,2) is
determined to within an additive constant by (2.3).

In order to study the stability properties of the basic flow (2.2), we perturb it in a
similar way as we did in I, i.e. we introduce the following expressions into (2.1):

v=po‘*urf+(po‘*u¢+vo)J>+po‘*u22,} (2.5)
P =po+c_¢1)/’g(51+32), p =Po+cop332- .
Here ¢y = (yp,/p,)? denotes the local sound speed. By substituting (2.5) into (2.1),
the linearized equations for the perturbations are found to be

0w , 0w 5 O Ow

— — — +A— = 0. .
at+A ar+A a¢+ 8z+B“’ (2.6)
where w = {u,, uy, %, $;, 8,} represents the perturbation superimposed on the basic
flow (2.2). Here w is treated as a column vector and the coefficient matrices are

0 0 0 0 ¢ r~lvy 0 0 0 0
0 0 0 0 O 0 rl0 0 1l
Al={(0 0 0 0 0), A2=1{0 0 r~ly, 0 0 , (2.7a,b)
0 00 0 0 0 0 0 7o
g 00 0 O 0 71, O 0 1y,
000 00 0 -2y, 0 B, Gy
o 0 0 0 O 2r-lyg—a 0 b 0 0
A3={0 0 0 0 ¢4, B=<0 0 0 B, Gy, (2.7¢, d)
000 00 a 0 a 0 0
0 0 ¢, 00 H, 0 Hy, 0 0
where
o, oV, \
= -1 ___0 = ‘_0
2=V TG oz’
_.0p B oV B 2%
0‘1=00P01‘a70"001(r_1”%+"§;'), ﬂ1=—001(7‘103+§;),
_,0p oV oV
“2=Copola—;—col‘5, ,32="0015, (2.8)

_ ov _ ov . 0p
Gy = ¢yt (—g— 1) (r‘lv§+—37), H, =rcy+c5 l(r—lvﬁ+~5;) —1cop0 13_7'0’

ov oV 2
G, = C()—l(?é/— )73?: H, = 661—32—%60/761%.
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We see that (2.6) is a symmetric hyperbolic system analogous to the system (2.5)
in I. The matrix B obtained here, (2.7d), is seen to be more complicated than the
corresponding matrix in I, (2.6d), while the matrices A’ obtained here, (2.7a, b, c), are
similar to the corresponding matrices in I, (2.6q, b, ¢), when we put wy, = 0 there. The
characteristic equation, the characteristic roots and the eigenvectors associated with
these roots are therefore similar here to those in I where we put w, = 0. In particular, if
we let the leading term of the generalized progressing wave solution for the gravity

waves (inertial waves) be given by

a,(r, @, 2,t)exp {iwd(r, p, 2, 1)}, (2.9)
where ¢ = ,/ — 1 and w denotes the frequency parameter, we find that the phase function
® must satisfy

oo oo
— Ly = 0. 2.10
ot g (2.10)
Furthermore, the amplitude a, must have the form
2, =00 +0,Ty+ 033, (2.11)

where o, 0y, 05 are determined by the transport equations which we shall give below,
and ry, r,, ry are given by (2.9), (2.14) in I with the quantities £, £2, £3 defined by

o0 o0 o
1 2 3=
g - d ’ g a¢7 g oz’ (2'12)

r

ie. £, r—1£2, £3 are analogous to the components of the wavenumber vector.
The ray equations for the gravity waves obtained from (2.10) are

dr
;ﬁ:O, é—?:r—lvo, Z—f:O,
ag iz ag (2.13)
v r1£%a, v 0, Fr = —r~1£%.
The solutions of (2.13) are readily found to be
r=ry @ =@o+r5l04(r, %), 2z =2, (2.14a)
& = E+rgtEfalrg, z)t, &2 =85, & = E—r51 £50(ro, %), (2.14b)

where r;, ¢, z,, £}, £2, £3 denote the initial values at ¢ = 0.
From (A 15) of I, the transport equations for the gravity waves are found to be in

the case considered here

O = bt B + ) 0y

+ k- — r 2D + ) 4 r Y (2r 0y — at o)} o

+E2{(£Y)2D — £183(2rwy—a+ ay) — (r71E2)2 (B + By) + (£%)2 ) o, (2.15)
da‘l? k2{r 12D — oty) — r-1E2EY(2r Ly, — 20 — By)} 0y

+ 21y + By) + 1L} oy

+hH — (B2 ay— E183 (b —ay) + (r1E2)% (a+ By) + (%)% (2r vy —a)} oy, (2.16)
8 = kBB 0y o) + (I (b —a) + EP )y

+EH = (812 o+ £1836, — (r1E%)2 (a — ay) — (£%)2 2r M0} oy
+ k2 — 1 (ay + By) + 1823 (o + 1)} 0. (2.17)



On the stability of rotating fluids 437

These transport equations are valid along the rays (2.14). Thus substituting (2.14)
into (2.15)-(2.17), we obtain a closed linear system of ordinary differential equations

do
Z=AWe (2.18)

for the amplitude 6 = {0, 0, 073} of the gravity waves. Analogous with I, this is the
basic system of equations for our stability analysis.

So far, nothing has been said about boundary conditions. If there are boundaries
(e.g. rigid walls or free boundaries), the basic flow (2.2) is of course assumed to satisfy
the boundary conditions imposed at these boundaries. Since the rays (2.14a) are
identical with the streamlines of the basic flow (2.2), they never hit the boundaries if the
initial values r,, ¢, 2, are restricted to points within the fluid. On these rays the
amplitude a, in the leading term (2.9) is seen to be uniquely determined by the system
of transport equations (2.18) together with the initial values at ¢t = 0 of o and &, £2,
£ (i.e. a, is essentially determined by a local analysis). In particular we see from
(2.18) that a, = 0 in a neighbourhood of the boundaries if the initial values at ¢ = 0 of
o is chosen to be zero in this neighbourhood. With this choice the leading term (2.9)
obviously satisfies the boundary conditions, and these boundary conditions only affect
the leading term (2.9) in an arbitrarily small neighbourhood of the boundaries.
Within the fluid the leading term (2.9) therefore represents an approximation of a
family of solutions of mixed initial-boundary-value problems as well as problems
where the fluid is unbounded. As a consequence of this only instabilities which
are not sensitive to boundary conditions may be detected in the leading term
(2.9).

3. The autonomous case
The system (2.18) is easily seen to be autonomous if and only if

Elalry, zg) = £5b(7y, %) = 0. (3.1)

After a considerable amount of algebra, the eigenvalues of the matrix A in (2.18) are
in this case found to be

Ar=0, Ay=1k"1D, A;= —A,, (3.2)
where D is given by

D? = — (£0) %, By + 283 E3 0ty o — (51 £3)% (04 By + 2 By)
—(£3)2{oy B+ 2r5 vg(a — 2rg v} (3.8)

In (3.3) it is assumed that r = 7y and z = z; have been substituted into «,, £, a,,
Ba; s @

From standard theory of stability (see Roseau 1966) we conclude that a necessary
condition for stability of the trivial solution ¢ = 0 of (2.18) when (3.1) is satisfied, is
that D? > 0. Since D? is a quadratic form with respect to £}, »~1£2, £3, it can be trans-
formed to a diagonal form

D2 = k2 + Ky Y2 — (00 B+ o f2) (5 £3)? (3.4)
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by an orthogonal transformation (£},£3) > (z,y). The coefficients k,, k, are then the
eigenvalues of the symmetric matrix associated with the £}, £3 part of the quadratic
form (3.3). They are found to be
Ky = —3(ay By +0tp f) — 157 vo(a — 2 v,)
+ (= D)™ {[$(ay B1+ @y B3) + 75 vp(a — 27571 vg) P
+ (a1 Bo)? — ap foloy By + 2r5t wola — 251 wo) I (n = 1,2).  (3.5)
In order that D2 > 0 at a point r,, ¢,, z, for every choice of £}, £3 when £ = 0, it is
obviously necessary and sufficient that «, > 0 and «, > 0 at that point. It is easily
seen that x, > 0 and «, > 0if and only if
ay By + s By + 2rgt vg(a — 2rt v,) < 0,

as fofos i+ 2rg t vola — 2151 wo)} > (o1 B)% (3.6)

From this we may conclude the following.

Lemma 1. In order that the trivial solution of (2.18) shall be stable for all £}, £3, £3
at a given point 7y, @, 2,, it is necessary that

a, P+ 2rglvgla —2rg1vy) < 0, (3.7)
d2ﬂ2 S O’
g fofay By + 2r5  vgla — 215t vy)} 2 (ay By)%, (3.9)

hold at that point.

From standard theory of stability we conclude that D? > 0 is a sufficient condition
to ensure stability of the trivial solution of (2.18) when £2 = 0. Hence the trivial
solution of (2.18) is always stable when £2 = 0 and the strict inequalities hold in
(3.7)-(3.9). If, on the other hand, equality holds in one of these inequalities, the
eigenvalues (3.2) are not necessarily simple any longer. In these marginal cases a more
detailed analysis is therefore needed in order to settle the stability problem for (2.18).
This will be done in §5.

At points 7y, @, 2z, where a = b = 0, if any, (3.1) is satisfied for every choice of
£}, &2, £3. Thus the trivial solution of (2.18) will be unstable for some choices of £}, £2, £3

at those points unless oy By +0ts By < O (3.10)
holds there in addition to (3.7)—(3.9). However, (3.10) is necessarily satisfied when the
strict inequality holds in (3.8). In fact, (3.8) then implies that a,and 3, have opposite
signs, and since b = 0 it follows from (2.4) that «, f, = a, #,. Thus eithera; = 8, = 0
or a;, and £, have opposite signs, consequently a, #; < 0. The marginal case where
&y B, = 0 will be discussed in §5.

4. The non-autonomous case
We now consider the cases where (3.1) is not satisfied, i.e. we assume that
m2 L a2(ry, 20) + b¥(rg,20) £ 0, 3% 0. (4.1)

It is easily seen in these cases that the matrix A(f) in (2.18) is analytic at ¢ = 4 00, i.e.
that fort > ¢, > 0, A(f) can be written as a convergent power series

A = 3 G)kAk. (4.2)

k=0
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The first two matrices in this expansion are found to be

0 0 gq d, d, b
A, = {0 0 az}, A = lda d, bz}, (4.3)
a, a, 0 by by d;
where
a; = m~3(2abryt vy + aba, + b2ay), ay = m~(2b%5 vy —aba, — a’a,), id
ag = m~2(— 2abrgtv,+abf, +b%p,), a, = m~H —2b%; v, —abp, — azﬂz);} (4.4)

d, = m~3(ba, +bf,—a?), dy=m"*—apf —2brylv,—ba—ba,), }

dy = m~* —aa, + 2brgtvg—ba—bp,), d,=m*aay+af,—b?), (4.5)
ds = m~*(—aa, —af, —ba, - bp,);
by = (rg1£3m®) g} — 2aa, + 2brg vy + ab + bay)
+ £3(2ba, — 2arg t vy + a® — acty, — 2bat,)},
by = (rg* £§m®) = {£3( — 2aa, 4 b% — 200, — bat;)
+ £3(2ba, — 4brgl vy + ab + aa,)}, w6)

by = (rg1£3m?) 1 {E}( — 2aa; — 2brg v, + bf,)
+ £3(2bag + 2arg L vy —afy — 2b8,)},

by = (rg 1 E3m?){EH — 2aa,— 2af,— bp,)
+ £3(2ba, + 4brgl v+ apBy)}.

From (4.3) it follows that

1 1 1 1 1 1
— — —_ A _ 2 __ — e —yp —
det{A0+tA1 /\I} N 207 {w+t/¢+o(t2)}/\ t1+0(t2), (4.7)

where 0=—d,—dy—d;, w=—a,a;—0ay0a,,
p=—a by—asb,—azb, —asb, (4.8)
V=0,038,— 0,0y d3+aya,d; —ay0,d,.
Using (2.4) and (4.4)—(4.6), the expressions (4.8) may be written as
- M (E5b+Ea)S
9—1, O)—V——”?, —sz—, (49)
where M2 = —a,fa2—2a, fyab —{a, fy+ 2rg  vela — 2r5 1 vy)} b2, (4.10)
8 = {a, f1—ay fa+ 2rg T vola — 25 )} ab — oy By(a® +b2). (4.11)
From (4.7), (4.9) the eigenvalues of A, are found to be
A =0, /\2=i%, Ay =—A, (4.12)

From standard theory of stability we conclude that a necessary condition for
stability of the trivial solution of (2.18) is that M2 > 0. However, if we look at the
expression (4.10) as a symmetric quadratic form with respect to a, b, it can be trans-
formed to a diagonal form which is easily found to be

M2 =k, K%+ «, L2, 4.13)
1
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where «,, &, are given by (3.5) and K, L are two linearly independent combinations of
a and b. Thus M2 > 0 when the conditions in lemma 1 are satisfied. Furthermore,
(4.13) shows that M = 0 is only possible when equality holds in at least one of the
inequalities (3.7)~(3.9). As we have noted earlier, these marginal cases will be studied
in §5.

Let us now assume that the strict inequalities hold in (3.7)-(3.9). The eigenvalues
(4.12) of A, are then distinct; we may therefore consider the following asymptotic

equations as { -+ 00

1 1 1 .
det{A0+?A1-(Aj+?rj) l} =0(t—2); ji=1,2,3 (4.14)
Using (4.7), (4.9) and (4.12) the solutions are found to be
y 1 1y 3 S
ry=—1, 7’2="W( 0 +§0a)j-{, Ty = =Ty (4.15)

The theorems 2.1 and 4.1 in Coddingtqn & Levinson (1955, cha. 5), imply that there
exist linearly independent solutions og)(f), 6(t), 6g(t) of (2.18), such that for some
constant vectors P,, P,, P, we have asymptotically as ¢ —+ o0

| o) — Pyexp (At +7;In t)| = O(tReri—1 gRedt), (4.16)

Thus a sufficient condition for stability of the trivial solution of (2.18) is that the three
expressions exp (A;¢+r;Int), j = 1, 2, 3, are bounded as ¢t -+ 00. From (4.12), (4.15)
it is easily seen that this is always the case. In view of the discussion at the end of the
preceding section, we have therefore proved

Lemma 2. Assume that

ay 1+ 2rgtvgla— 2rgtv,) < O, (4.17)
oy <0, (4.18)
as Boloy Br+ 215 vo(a — 2151 vo)} > (o1 B5)?, (4.19)

are satisfied at a given point r,, ¢,, 2,- The trivial solution of (2.18) is then stable for
all £}, £, £3 at this point.

5. The marginal cases

In this section we shall study the stability properties of the trivial solution of (2.18)
in all cases which are intermediate to the lemmas 1 and 2, i.e. we shall study the cases
where equality holds in at least one of the inequalities (3.7)—(3.9).

Lemma 3. Assume that o, f),+ 215 v(a—2r5lv,) = a,f, = 0 at a given point
79, Po» 2. The trivial solution of (2.18) is then stable for all £], £2, £3if and only if

y=0,=f=f=vo=a=b=0 (5.1)
at the point 7, @, z,.

Proof. Suppose that the trivial solution of (2.18) is stable for all £}, £2, £3. Then
a, By = 0 by the inequality (3.9) in lemma 1. If we choose £% = 0, we therefore obtain
Ay = A, = A3 = 0 from (3.2), (3.3), which implies that the matrix A in (2.18) must
vanish when £ = 0. This is easily seen to imply (5.1). If on the other hand we suppose
that (5.1) is satisfied, the trivial solution of (2.18) is obviously stable for all £, £2, £3.
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Lemma 4. Assume that a, f; + 2ry 1 vg(a — 2r5lv,) = 0 and a, f, < 0 at a given point

7o, Do> 2o- The trivial solution of (2.18) is then stable for all £}, £2, £} if and only if
gy =p=v=a=0 (5.2)
at the point 7, ¢, 2.

Proof. Suppose that the trivial solution of (2.18) is stable for all £}, £2, £3. If we choose
£l = £2 = 0, we see from (3.2), (3.3) that A, = A, = A3 = 0. This implies that the matrix
A in (2.18) must vanish when £} = £2 =0, whlch is easily seen to imply (5.2). On the
other hand, suppose now that (5.2) is satisfied. In the autonomous case, i.e. when (3.1)
is satisfied, the trivial solution of (2.18) is then easily seen to be stable. In the non-
autonomous case, i.e. when £2b + 0, it follows from (4.3), (4.4) that A, = 0. By intro-
ducing 7 = In? as a new independent variable in (2.18), we obtain a system where the
trivial solution has exactly the same stability properties as the trivial solution of (2.18).
Asymptotically as 7— + co this transformed system tends to a system with A, given
by (4.3), (4.5) and (4.6) as coefficient matrix. From standard theory of stability it is
not difficult to show that in this case the trivial solution of (2.18) is stable if and only
if the trivial solution of

do
d——T~ = Al [+ (5‘3)
is stable. The latter follows since the eigenvalues of A, are found to be
A =0, /\2="%+(%_R1)%» /\3=“%"(%“‘R1)&7 (5.4)
_ £ \A\ 22P
where R, = -—{1 + (70_1 7] } 52 (5.5)

is seen to be positive by the assumptions in the lemma.
Lemma 5. Assume that a, f; + 2rglvy(a —2r51v,) < 0 and a, B, = 0 at a given point
To» Pos 2o- The trivial solution of (2.18) is then stable for all £}, £2, £3 if and only if

ay=fy=b=0, (5.6)
a4 p <0, (5.7)
and furthermore at least onre of the following conditions
{)a=+0, (i)o;=p =0, (ii)epf <0

are satisfied at the point ry, ¢,, 2.

Proof. Suppose that the trivial solution of (2.18) is stable for all £}, £2, £3. If we choose
£2 = £3 = 0, we see from (3.2), (3.3) that A; = A, = A; = 0. This implies that the matrix
A in (2.18) must vanish when £2 = £3 = 0, whlch is easily seen to imply (5.6). If we
assume a = 0 also, (3.10) implies (5.7). If @ + 0, we consider the non-autonomous case,
i.e. the case where £2 + 0. It then follows from (4.3), (4.4) that A, = 0 and as in the
proof of the preceding lemma the stability properties are therefore determined by the
matrix A, given by (4.3), (4.5) and (4.6). The eigenvalues of A, are found to be

A=0, N=—3+(G-B)t, A, =-3—(3-R) (5.8)
where R, = _E%Q_( “§10§2) (o Bt 21t vgla — 21 v )} (5.9)

In order that the trivial solution of (5.3) shall be stable in this case, it is therefore
necessary that R, > Oforall £}, £2, £3 such that £Z + 0. By choosing £} = 0 in (5.9), the
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necessity of (5.7) is established. It now remains to prove the necessity of (ii) when
a=a,p, =0. If we in this case choose £} = £} = 0, we see from (3.2), (3.3) that
A; = A, = A; = 0. This implies that the matrix A in (2.18) must vanish, which is
easily seen to imply (ii). On the other hand, in view of the above considerations it is
not difficult to show that the trivial solution of (2.18) is stable for all £}, £2, £3 if (5.6),
(5.7) and at least one of the conditions (i), (ii), (iii) are satisfied.

Lemma 6. Assume that a, §; 4+ 2rg1vg(a — 2r51v,) < 0, &, f, < 0 and

&y fofoy By + 215 vg(a — 2r5 1 vy)} = (o, f)?

at a given point ry, @y, z,. The trivial solution of (2.18) is then stable for all £}, £2, £3
if and only if

a,b+aa=v,=0 (5.10)
at the point r,, ¢y, 2.

Proof. Suppose that the trivial solution of (2.18) is stable for all £}, £3, £3. If we
choose £} = (a;/at,) £} and £% = 0, we see from (3.2), (3.3) that A; = A, = A; = 0. This
implies that the matrix A in (2.18) must vanish, which is easily seen to imply (5.10).
On the other hand, suppose that (5.10) is satisfied. In the autonomous case, i.e. when
(3.1) is satisfied, it is then easily seen that the trivial solution of (2.18) is stable. In the
non-autonomous case, i.e. when (4.1) is satisfied, it follows from (4.3), (4.4) that
A, = 0. As in the proofs of the preceding two lemmas, the stability properties are
therefore determined by the matrix A, given by (4.3), (4.5) and (4.6). The eigenvalues
of A, are found to be

A, =0, A2=_%+(i_R3)'}’ A3=—%_(i_R3)is (5.11)
1 3b+£3a)?
where Ry = ~a2+b2{1 + (réfzﬁ):—(i;? b2); (g By + 0t f5). (5.12)

From (5.10) and the assumptions in the lemma it follows that R, > 0; thus (5.11)
shows that the trivial solution of (5.3) is stable. Consequently the trivial solution of
(2.18) is stable.

6. Discussion of stability

At an arbitrarily given initial point »y, ¢, 2, in the fluid, the six lemmas proved in
the preceding three sections give necessary and sufficient conditions for the trivial
solution of (2.18) to be stable for all £}, £, £3in all possible cases. As far as it is possible
to draw conclusions from the leading term in the generalized progressing wave expan-
sion for the gravity waves, it is therefore possible from these lemmas to draw the
optimal obtainable necessary conditions for the basic flow (2.2) to be stable (see
Eckhoff 1975).

We first consider the special case where V is independent of z, i.e. §, =0 and
consequently this case is always marginal. From the lemmas 1, 3 and 5 we see that the
basic flow (2.2) cannot be stable unless

ay=b=0, (6.1)

i.e. it is necessary that the basic flow (2.2) is independent of z. In order to obtain
further necessary conditions from the lemmas 1, 3 and 5, we may therefore assume the
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basic flow (2.2) to be independent of 2. However, the problem is then a special case
of the problem discussed in I; it is therefore unnecessary to repeat the details here.
We sum up the results thus.

Theorem 1. Let the potential for the external forces V be independent of z. In order
that the basic flow (2.2) shall be stable it is necessary that the basic flow (2.2) is
independent of z and that

(r-lv?, + %—f) {po_l %o _ co 2 (r—lvg + g)}

ov o,
— 271y, (r“lvo + 3_7-0) when 7y, (r'lvo + —‘#) <0,
(6.2)

v

0
0 when r1y, (r—lvo +air°) =20

holds everywhere in the fluid. If equality holdsin (6.2) on some set of positive measure,
it is furthermore necessary for stability of the flow (2.2) that

Vo= 0= 0_"" 0 (6.3)

holds almost everywhere on this set.

We now consider the cases where 8V /9z + 0 almost everywhere in the fluid, i.e.
we assume that §, + 0 almost everywhere. From the lemmas 1, 3 and 5 we then see
that the basic flow (2.2) cannot be stable unless

ayfly < 0 (6.4)

holds almost everywhere in the fluid. This condition together with lemma. 1 gives that
it is also necessary for stability of the flow (2.2) that

ay By + 2r-1vg(a — 2r~1y) < % ()2 (6.5)
2

holds almost everywhere in the fluid. We note that all the conditions in lemma 1 are
satisfied when (6.4), (6.5) are satisfied. Furthermore, using (2.4) we may rewrite (6.5)
in the following way
2r-ly(a—2r-1vy) < — g—l 2r-1y,b. (6.6)
2
If equality holds in (6.5) (or equivalently in (6.6)) on some set of positive measure, it
follows from lemma 6 that the basic flow (2.2) cannot be stable unless

vy =0 (6.7)

almost everywhere on this set, which implies that a = b = 0 almost everywhere on
this set also. Finally, lemma 4 shows that if the equality holds in (6.5) (or equivalently
in (6.6)) and &, = 0 on some set of positive measure, then the basic flow (2.2) cannot

be stable unless
=0 (6.8)

almost everywhere on this set. When v, = @, = 0, however, (6.8) is automatically
satisfied by (2.4). Summing up, we have proved therefore the following theorem.
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Theorem 2. Let the potential for the external forces ¥ be such that oV /oz & 0
almost everywhere. In order that the basic flow (2.2) shall be stable it is necessary that

10pp @V _, (0V\?
POI%E—COZ(E) >0, (6.9)
op ov
=170 =212 1 Z 7
1 (r‘lv +% >P0 ar © ( Y%+ ar) 1, Mo (6.10)
0 0 or = -1%_ _2_(?_V 032’ i

hold almost everywhere in the fluid. If equality holds in (6.10) on some set of positive
measure, it is furthermore necessary for stability of the flow (2.2) that

Ve =0 (6.11)
almost everywhere on this set.

7. Interpretation of the results

When the potential for the external forces V is independent of z, theorem 1 shows
that the basic flow (2.2) is unstable if v,depends on z, i.e. if there is shear in the direction
orthogonal to the external forces. It is possible, however, to show that this instability
is rather weak, i.e. the perturbations have a linear growth. When v, is independent
of z, p, and p, are necessarily independent of z by (2.3) in this case. Thus it only remains
to discuss the conditions (6.2), (6.3). This is partly donein I.

When the potential for the external forces is such that oV /dz & 0 almost every-
where in the fluid, condition (6.9) in theorem 2 together with the equilibrium equation
(2.4) show that, in the static case where v, = 0, it is necessary for stability that the
fluid is stratified with Vp, parallel to VV. The stratification must be such that the local
Brunt-Viisald frequency N is a positive real number almost everywhere. In fact,
here we define

N2 = N2+ NZ, (7.1)
apy 0V A%
2 = _1-———0——— ~2|
where N2 = p; 52 7a ; (82) R
op oV ovV\2
2. 5,170 1,2 =2 12
NZ= p; o (r v+ 8r) Co. (r V3 + 8r) (7.2)

(see Eckart 1960; I). Since v, = 0 here, it follows from (6.9) and (2.4) that N2 > 0
and N? > 0 almost everywhere.

We now consider the non-static cases when 8V /82 & 0 almost everywhere. Since the
leading term in the generalized progressing wave expansion for the gravity waves is
not seriously affected by the presence of boundaries (see the discussion at the end of
§ 2), we may consider the set of points where v, = 0 and the set of points where v, + 0
separately. Since we have discussed the static case already, it therefore suffices to
consider the cases where v, + 0 almost everywhere. In order that the basic flow (2.2)
shall be stable in these cases, condition (6.9) in theorem 2 shows that the fluid must
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be stratified in a (statically) stable way in the axial direction. Furthermore, theorem 2

shows that it is also necessary for stability that

ov Py 1(0py/0r) —cg2(r— Wi+ oV [or) ov
-1 —1 o (1} 0 0 0 —1, -0
"t (’ tot ar) T T pe Ope[02) — 322V [32) |

S g 7.3
azr v b (7.8)

holds almost everywhere in the fluid.
If we compare these results with those we obtained in the cases covered by

theorem 1, we find that the picture is radically changed. On the one hand, the presence
of an axial component in the external force field implies that there may exist stable
flows with axial shear. On the other hand, when v, is independent of z, we got (6.2)
as a necessary condition for stability when 6V /dz = 0, while from (7.3) we get

d oV
%r—"a—r(rvo)2 = rly, (r'lvo+—a—r9) >0 (7.4)

as a necessary condition for stability when 0V /dz + 0 almost everywhere. Thus there
is a strict limit on the radial shear in a stable basic flow (2.2) when 8V /6z % 0, while
a sufficiently strong stratification can stabilize any radial shear when 0V /0z = 0 (see
Warren 1975; I).

The above results are directly applicable in the classical problem of a flow between
two infinitely long coaxial rotating cylinders. If the cylinders are placed vertically
in a gravitational field, we have proved that the velocity has to satisfy (7.4) and that
the fluid must be stratified in a (statically) stable way in the axial direction. These
conditions must be satisfied independently of how weak or strong the gravitational
field actually is. Since the criteria for stability obtained in the case ¥V = 0 are radically
different from those obtained when 8V /dz + 0, it is never possible to neglect the effect
of gravity in this problem. It is interesting to note that (7.4) is exactly the classical
criterion obtained by Lord Rayleigh (1916) for the stability of the flow of an inviscid
incompressible and homogeneous fluid between two coaxial rotating cylinders. The
reasoning applied by Lord Rayleigh gives a physical interpretation of the condition
(7.4) (see Chandrasekhar 1961, p. 273); thus we have a certain understan'ding of the
physical mechanism behind the general condition (7.3) also.

Since the majority of the previously known results on rotating fluids concerns
incompressible and homogeneous fluids, it may be appropriate to consider the corres-
ponding limit in the above criteria when v, is independent of 2, i.e. the limit where
€g— 00, 9p,y/dr— 0 and dp,/dz— 0. Since Lord Rayleigh’s criterion (7.4) is independent
of these quantities, it must be valid in this limit when v, + 0 and 8V /22 + 0 almost
everywhere. When 0V /0z = 0 and v, + 0 almost everywhere we have shown that (6.2)
with strict inequality is the relevant stability criterion instead of (7.4). Let ¢ > 0 be
an arbitrarily given small number. By assuming that the compressibility and the
inhomogeneity of the fluid are sufficiently small (depending on ¢) it then follows from
(7.2) that

|NVE <€ (7.5)
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(N, = 0 in this case). From theorem 1, (6.2) it now follows that the basic flow (2.2)
is unstable unless the following inequalities

0<NE:<e, (7.6)

- r""% (rvy)? = —2r~1y, (r—lvo + Ba_z:)) <e€ (7.7)
are satisfied almost everywhere in the fluid. In the limit ¢ 0 (7.7) is exactly Lord
Rayleigh’s criterion (7.4), which therefore is the relevant criterion for an incom-
pressible and homogeneous fluid when there is no external force field also, in accordance
with Lord Rayleigh’s original work (1916). We note that in order to retain stability
of the basic flow (2.2) in the above limit, we have to allow a small amount of compres-
sibility and inhomogeneity corresponding to the inequality (7.6). In fact,if N, = 0 the
basic flow (2.2) will be unstable and the perturbations will have a linear growth. This is
a marginal case which is analogous to the case N = 0in Eckart (1960, p. 60, equation 14)
for the perturbations of a static equilibrium of a compressible fluid in a gravita-
tional field. We also note that if we take the limit c,— co but not dp,/dr — 0, dp,/ 02— 0,
i.e. consider an incompressible fluid which is stratified, we find that Lord Rayleigh’s
criterion is relevant only when there is an axial force field. When there is no force field,
the relevant stability criterion is easily deduced from theorem 1. In fact, when ¥V = 0
and v, + 0 almost everywhere, this theorem gives in the limit ¢,— co the following

conditions

r~lg pgt éo" > 0 when 7-“3;(7'2)0)2 >0, (7.8)
0 _,0p a0 3 0
r=3p; 15(p0rzvo) 193 pg1 °+r 387' (rvy)2 > 0 when r 35—;(7-2)0)2 <0. (7.9)

When r—28(rvy)2/or > 0 the first inequality in (7.9) is an obvious consequence of (7.8),
and when r—30(rv,)2/0r < 0 the first inequality in (7.8) is an obvious consequence of
(7.9). Thus we have shown that in order for a stratified incompressible fluid to be
stable when V = 0 and v, # 0 almost everywhere, it is necessary that

9P,
or
are satisfied almost everywhere in the fluid. These are exactly the conditions given by

Yih (1965, p. 271).
In order to interpret the general condition (7.3) further, we note that (2.4) implies

>0 and a—i(porzvﬁ) >0 (7.10)

1
gi"_lvo =_°T{2 (r~10yb)2 — ay By 770, b}
= — g (o= o~ (b %) .11

Thus, when the necessary condition for stability (6.9) is satisfied, (7.11) shows that the
right-hand side in the necessary condition (7.3) is negative if and only if one of the
following two conditions is satisfied

(i) 0 < r‘l—a-v?, <ayfy, () a,p < ,.—1_3_,02 <0, 7.12
oz oz °
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a2ﬂ1=—( Po 122 —cg Z‘W)( r~l 2+a_1_/) (7.13)

where by (2.8)

oz 0z 0

Furthermore, (7.11) shows that the right-hand side in (7.3) has a minimum value with
respect to variations of the axial shear when

1 — g = o, fy. (7.14)

For this value of the axial shear, (7.3) becomes

7 1a 1 opy (OV oV
g o> 50 = 5 B (F) - (). s

Thus we have shown that if the axial shear satisfies one of the two conditions in (7.12),
the necessary condition for stability (7.3) is less restrictive with respect to the radial
shear than (7.4). In fact, the condition (7.3) is somewhere between the two conditions
(7.4) and (7.15). In this sense we see that an axial shear may have a stabilizing effect
on the basic flow (2.2) in special cases. The magnitude of this stabilizing effect is by
(7.15) seen to depend on the stratification of the fluid.

When the axial shear does not satisfy one of the two conditions (7.12), the necessary
condition for stability (7.3) becomes more restrictive than (7.4) with respect to the
radial shear. If the axial shear is very strong compared with the stratification of the
fluid, (7.3) becomes very restrictive indeed. In fact, if

—1 a 2
rols, v > etz B, (7.186)

> |ay | and

0
19 2
r v
oz °

then it follows from (7.3), (7.11) that a necessary condition for stability of the basic

flow (2.2) is that

8
r=—f). (7.17)

7'353; (rve)2 >

We have shown therefore that an axial shear in most cases has a destabilizing effect
on the basic flow (2.2), and that the magnitude of this destabilizing effect may become
essential if the axial shear is sufficiently strong.

To illustrate the above results, let us again consider the classical problem of a flow
between two coaxial rotating cylinders placed vertically in a gravitational field (with
the z axis pointing upwards say, i.e. 9V /92 < 0). When (6.9) is satisfied, a,6; > 0 by
(7.13). Thus a sufficiently weak axial shear with 9(v3)/0z > 0 may have a stabilizing
effect on the basic flow (2.2), while all axial shears with 9(v})/0z < 0 and also all
sufficiently strong axial shears with d(v3)/0z > 0 have a destabilizing effect. In experi-
ments where the length of the rotating cylinders has to be finite, this destabilizing
effect may be important at least near the ends of the cylinders.

The results in this paper are also directly applicable to the basic motion of planetary
and stellar atmospheres. In fact, 6V /0z # 0 almost everywhere since 8V /dz = 0 only
in the equatorial plane z = 0 when the z axis is the axis of rotation and z =7r = 0 is
the centre of the planet or star. In the case of a star, the potential for the external
forces ¥ may here be due completely to the gravitational field set up by the unperturbed
‘atmosphere’ itself. The necessary conditions for stability of a rotating atmosphere
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obtained from theorem 2 are (6.9) and (7.3). As discussed earlier in this section, (6.9)
implies that the atmosphere must be stratified in a (statically) stable way, while (7.3)
implies that the outer regions of the atmosphere must rotate sufficiently fast compared
with the regions near the axis (see Chandrasekhar 1961 for a discussion of the con-
dition (7.4)). '

Finally we should like to remark that it follows from the calculations in this paper,
that in a stable basic flow (2.2) where 9V /dz + 0 almost everywhere, the gravity waves
will locally always oscillate with a frequency lying somewhere between two specific
frequencies ¥, and F, which from (2.4), (2.8) and (3.5) are found to be

3
Fi = k= 1B (- apfapa e P, = (7.18)
where E? = N2+r—3§;(rv0)2, (7.19)

P = cgYo, b+ ay(a— 2rlv,)}

o _gf 1,0, V)| 9 19y _ 29V 10
;o (r vg‘ﬁ'g;)}gz'” o —3;_00 '3;‘)7' E,(”’o)- (7.20)

Here N is the local Brunt-Viisild frequency given by (7.1), (7.2). In the static case
where v, = 0 as well as in the limit » - co, we see that

F,=0, F,=N. (7.21)

Thus it seems that F, rather than N is the adequate generalization of the local Brunt-
Viisild frequency for the general basic states we have considered in this paper.

REFERENCES

CHANDRASEKHAR, S. 1961 Hydrodynamic and Hydromagnetic Stability. Oxford University Press.

CoppinaToN, E. A. & LEVINSON, N. 1955 Theory of Ordinary Differential Equations. McGraw-Hill.

CouraNT, R. & HiLBERT, D. 1962 Methods of Mathematical Physics, vol. 2. Wiley-Interscience.

Eckart, C. 1960 Hydrodynamics of Oceans and Atmospheres. Pergamon.

Ecxuorr, K. 8. 1975 Stability problems for linear hyperbolic systems. Dept. Appl. Math.,
Univ, Bergen, Rep. no. 54.

EckHorr, K. S, & STORESLETTEN, L. 1978 A note on the stability of steady inviscid helical
gas flows. J. Fluid Mech. 89, 401-411.

FRIEDLANDER, F, G. 1958 Sound Pulses. Cambridge University Press.

Laras, D. P. 1975 The ‘Richardson’ criterion for compressible swirling flows. .J. Fluid Mech.
69, 65-72.

Lupwig, D. 1960 Exact and asymptotic solutions of the Cauchy problem. Comm. Pure Appl.
Math. 13, 473-508.

RavyLEIGH, LOorD 1916 On the dynamics of revolving fluids. Scientific Papers 6, 447-453.
Cambridge University Press, 1920.

Roseau, M. 1966 Vibrations Non Linéaires et Théorie de la Stabilité. Springer.

TavLor, G. I. 1923 Stability of a viscous liquid contained between two rotating cylinders.
Phil. Trans. Roy. Soc. A 223, 289-343.

WARREN, F. W. 1975 A comment on Gans’ stability criterion for steady inviseid helical gas
flows. J. Fluid Mech. 68, 413-415.

WaARREN, F. W. 1976 On the method of Hermitian forms and its application to some problems
of hydrodynamic stability. Proc. Roy. Soc. A 350, 213-237.

WARREN, F. W. 1978 Hermitian forms and eigenvalue bounds. Stud. Appl. Math. 59, 249-281.

Yin, C.-S. 1965 Dynamics of Non-Homogeneous Fluids. Macmillan.





